In the main paper, we present only a single constraint language. How-
ever, conceptually, we work with this language in two distinct stages: first, the
constraints directly emitted by lists of rules, then, for use in redundancy and
exhaustiveness checking, the constraints which are in the image of the truify
and falsify functions and their duals. While irrelevant to the overall theory, to
simplify some proofs, it is useful to make this distinction explicit.

In we present the first stage of constraints, called the incomplete
constraint language. This consists of any constraint emitted by a pattern, and in
particular, includes the ? constraint. In order to define the constraint emitted by
a list of rules, we also include | and allow taking the V of incomplete constraints.
At this stage, we often require two versions of each judgment: one describing
a determinate result, and one describing a result which is indeterminate due to
the presence of the ? constraint.

In turn, in we discuss those constraints in the image of the truify
and falsify functions, as well as their duals. We call this the complete constraint
language, and it includes almost all of the incomplete language, but excludes the
? constraint. To support the dual operation, we also may take the A of complete
constraints, and we add a @ constraint. Due to the absence of 7, judgments
related to the complete language do not have to consider indeterminacy, and
thus are often simpler than their counterparts in the incomplete language. This
is the primary motivation for distinguishing these languages at all.

Finally, we extend Peanut with finite labeled sums in and discuss
necessary changes to static semantics, dynmics semantics, as well as match
constraint language with respect to what is presented in the main paper.

1 Incomplete Constraint Language

£ u= T[L|?[n|inl() |inr() | (&€ [EVE
E:r £ constrains final expressions of type 7
CTTruth

T:7
CTFalsity

17
CTUnknown
7T

CTNum

D num

CTInl
§1:71
inl(él) 21+ 1)




é refutable,

f possible

CTInr
§2: T2
inr(ég) 21+ 72)
CTPair )
§1:71 §2: T
(€1,6) : (11 x 72)
CTOr )
&L &
GV

€ is refutable
RXFalsity

1 refutable;
RXUnknown

? refutable;
RXNum

n refutable,

RXInl

inl(§) refutable;
RXInr

inr(¢) refutable,

RXPairL
& refutabler

(él, §2) refutable-

RXPairR
& refutabler

(él, fg) refutable-

RXOr ]
&, refutabler & refutabler

él vV 52 refutable?

€ is possible
PTruth

T possible
PUnknown

? possible

(1g)

(1h)

(2g)

(2h)



ekEé

PNum

PInl
¢ possible

inl(¢) possible

PInly
¢ possible

inr(§) possible

PPair

él possible

52 possible

e satisfies 5

(€1,&;) possible

POrL
&1 possible

él V 5'2 possible

POrR
&5 possible

€1V & possible

CSTruth

e=T
CSNum
nkEn

CSlInl .
e1 =&

inl,,(e1) inl(él)
CSlInr .
ex =&

inr,, (es) b= inr(&s)
CSPair .
e1 }Z & €2 ': &2

(e1,e2) E (51752)

CSNotIntroPair ) .
e notintro fst(e) E & snd(e) E &
e (51;52)

CSOrL
eE&
el 51 \ 52

(3f)

(3g)

(3h)

(4f)

(4g)



=T

CSOrR
e &
eE&aVE
e may satisfy &
CMSUnknown

ekEr?
CMSInl .
€1 }:? 51
inl,,(e1) =2 inl(&)
CMSInr .
es 7 &
inr, (ey) =7 inr(&)
CMSPa@rL .
er =2 & ez = &o
(e1,€2) =2 (€1,62)
CMSPairR .
e1 =& ez =2 &2
(e1,€2) v (61,&2)
CMSPair .
e1 =2 & ez =7 &2
(e1,€2) v (61,&2)
CMSOXL ,
ek & e i &2
efr &1 Vs
CMSOIR .
et & e 7 &
efr &1V

CMSNotIntro ) )
e notintro & refutabler ¢ possible

el &

e satisfies or may satisfy &
CSMSMay
e €
el=hé
CSMSSat
e=¢
ek ¢

4

(4h)



Lemma 1.0.1. Assume e notintro. If e =7 £ or e £ & then & refutables.

Lemma 1.0.2. If e notintro and e |:§ thenﬁ;em.

Theorem 1.1 (Exclusiveness of Satisfaction Judgment). Ifé:Tand sAbe:r
and e final then exactly one of the following holds

leE¢
2.6)275.
5 el

Definition 1.1.1 (Entailment of Constraints). Suppose that 51 : T and 52 DT
Then &, |= & iff for all e such that - ; A F e : 7 and e val we have e |=]: &
implies e |= &

Definition 1.1.2 (Potential Entailment of Constraints). Suppose that &7
and & : 7. Then & Izt & iff for all e such that -; A F e : 7 and e final we
have e \:T, &1 implies e |::r, &

Corollary 1.1.1. Suppose thatf 7 and -;AFe: 7T ande final. Then T |:i f
implies e Izi ¢

2 Complete Constraint Language

£ u= TlLlln|al&A& ] & VE | inl(§) | inr(§) | (§1,8)
& constrains final expressions of type 7
CTTruth

T:7
CTFalsity

1:7
CTNum

n : num

CTNotNum

A : num
CTAnd
& &
ISR
CTOr
&L & T
§1Vé:T



CTInl

§1:71

- 7

in1(6) < (r1 +72) (78)
CTInr

52 t T2
inr(&e) : (11 + 72)
CTPair
&1 &1

(€1,82) : (11 X 72) (7)

(7h)

dual of &7 is &

NUNE I ]
Il
| RN A

523
pd
>
I
[\v]
I

e satisfies £

CSTruth
eE=T (9a)
CSNum
nEn (9b)
CSNotNum
ny # ng
m = pg
CSAnd
eE& eRF&
eE& N
CSO'iJ ‘
€ 1
eFE &1 Ve (%)
CSOrR
_eF&
eFE &1 VE
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CSInl

€1 |: &1
inl,, (e1) F inl(&)) (%)
CSInr '_

e2 =&
inr, (e2) = inr(&s2) (9h)
CSPair

e1 =& ex = &2
(e1,e2)  (£1,&2)

Lemma 2.0.1. Assume e val. Thene [~ € iff e = €.

(91)

Theorem 2.1 (Exclusiveness of Satisfaction Judgment). If¢ : 7 and ;A e: T
and e val then exactly one of the following holds

1.eE=¢
2. e=¢€

Definition 2.1.1 (Entailment of Constraints). Suppose that & : 7 and & : 7.
Then & = & iff for all e such that -;A & e : 7 and e val we have e |= & implies
eE&

Lemma 2.1.1 (Material Entailment of Complete Constraints). &1 = & iff
TE&VE .

2.1 Relationship with Incomplete Constraint Language
Lemma 2.1.2. Assume that e val. Then e |=3L, Eiffe = T(€).
Lemma 2.1.3. e =¢ iffe = L(€)

Lemma 2.1.4. Suppose { :7. Then e |:j, § for all e such that - ; At e: 7 and
e final iff e |:j, ¢ for all e such that -; A v e: 7 and e val.

Theorem 2.2. T ):3: Eiff T = T(€).

Theorem 2.3. 51 = 52 iff T(&) = l(fQ)



3 Dynamic Semantics

e is a value
VNum

n val

VLam

A\x : T.e val

VPair

e; val eo val
(e1,e2) val
Vinl

e val
inl,(e) val
Vinr

e val

inr,(e) val

e is indeterminate

IEHole
()" indet
IHole
e final
(e)* indet
TAp
€1 indet eo final
e1(ez) indet
IPairLL
e1 indet es val

(e1,e2) indet

IPairR
e; val eo indet

(e1,e2) indet

IPair
€1 indet eo indet

(e1,e2) indet

IFst
e final

fst(e) indet

(10a)

(10D)

(10c)

(10d)

(10e)

(11a)

(11b)

(11¢)

(11d)

(11e)

(11f)



ISnd
e final

snd(e) indet
IInL

e indet
inl,(e) indet
IInR

e indet
inr,(e) indet

IMatch
e final e?py

match(e) {rspre | (pr = €r) | TSpost} indet

e is final

FVal
e val

e final

FIndet
e indet

e final

e cannot be a value syntactically

NVEHole

() notintro
NVHole

(e)* notintro
NVAp
e1(ez) notintro

NVMatch

match(e) {rs} notintro

NVFst

fst(e) notintro

NVSnd

snd(e) notintro

¢’ € values[A](e) ‘ e’ is one of the possible values of e
IVVal
e val cAFe:T

e € values[A](e)

(11h)

(114)

(12a)

(12b)

(13a)

(13b)

(13c¢)

(13d)

(13e)

(13f)

(14a)



IVIndet

e notintro G AFe:T e val GARE T
- (14b)
e’ € values[A](e)
IVInl
. (/3’1 € values[A]((?l) (14¢)
inl,,(e}) € values[A](inl,,(e1))
IVInr
. tIEIQ € values[A](?g:) | (14d)
inr,, (e5) € values[A](inr,, (e2))
IVPair
€} € values[A](e;) es, € values[A](e) (14¢)
e

(€], ¢e5) € values[A]((e1, e2))
Lemma 3.0.1. If ¢’ € values[A](e) and -;AFe:7 then - ;AFe 7.
Lemma 3.0.2. If ¢’ € values[A](e) then ¢’ val.

Lemma 3.0.3. If ¢ indet and - ; A b e : 7 then there exists ¢ such that
€’ € values[A](e).

Lemma 3.0.4. Assume e final and -; At e: 7 and § c7. Ife b T,E then and
e’ € values[A](e) then e’ B~ if

Lemma 3.0.5. If e indet and -; At e: 7 and € : 1 and there exists € such
that ¢’ € values[A](e) and ¢’ )23; ¢ then e I:]L, &.

I';AR6:T6 0 is of type I'6

STEmpty
T:AFQ:- (15a)
STExtend
I;AFO:Ty ;AFe:r (15b)
F§A|_9,.T/€:F97:L':T
p is refutable
RNum
n refutable; 16
n refutable, (16a)
REHole
()® refutable; 16b
() refutable; (16b)
RHole
16
(p)¥ refutable, (16c)
RlInl
(16d)

inl(p) refutabley

10



Rlnr

inr(p) refutable;

RPairLL
p1 refutables

(p1.p2) refutable;

RPairR
p2 refutable,

(p1,p2) refutables

e>plo e matches p, emitting 6

MVar

Py
MWild
e _ -
MNum

n>n--

MPair
e1 > pp 6y e > po 16

(e1,€2) > (p1,p2) 41601 W
MInl

e>p-6
inl,(e) > inl(p) 416
MInr

er>p-l6
inr,(e) > inr(p) -0

MNotIntroPair
e notintro fst(e) > py 161 snd(e) > pa 1l 62

e (p1,p2) 1161 W6,
e?p e may match p
MMEHole
7"
MMHole

e?(p)?

MMNotIntro
e notintro p refutable?

e?p

11

(16e)

(16f)

(17a)

(17b)

(17¢)

(17d)

(17e)

(17f)

(18a)

(18b)

(18¢)



elp

MMPairL

€1

7 p1 ez > po -l 0y

(e1,€2) 7 (p1,p2)

MMPairR

e1 > pr —||91

ez 7 po

e does not match p

(e1,e2) 7 (p1,p2)

MMPair
e1?7p ea 7 po

(61762) ? (plva)

MMInl
e?p

inl.(e) 7 inl(p)
MMInr
e?p

inr,(e) 7 inr(p)

NMNum
ny # Na
nLne

NMPairLL
er Lp

(61,62) L (plapz)

NMPairR
ez L p2

(e1,e2) L (p1,p2)
NMConfL

inr,(e) L inl(p)
NMConfR

inl,(e) L inr(p)

NMInl
elp

inl,(e) L inl(p)

NMlInr
elp

inr,(e) L inr(p)

12

(18d)

(18e)

(18f)

(18g)

(18h)

(19a)

(19b)

(19¢)

(19d)

(19e)

(19f)



e e

rs can be obtained by erasing pointer from 7's

Cr|rs)=1r]rs
(]|

((r" | rs") |r|rs)®=7"|(rs' |7 ]|rs)®

e takes a step to €’

ITHole
e e

(e)™ = (e')*
ITApFun
e1 — €}
e1(ea) — €j(e2)

ITApArg
e; val ey > €

e1(ez) — eq(eh)
ITAp

eo val

Az : T.eq(ea) — [ea/x]e;

ITPairLL
e+ €}
(e1,e2) = (€], e2)
ITPairR
e; val ey > €
(e1,e2) = (e1,€5)
ITFstPair

(61,62) final
fst((e1,e2)) — €1

ITSndPair
(e1,e2) final

snd((e1, e2)) — e

ITInl
e e

inl,(e) — inl,(€')

ITInr
e e

inr,(e) — inr,(€)
ITExpMatch
erse
match(e) {rs} — match(e’) {rs}

13

(20a)
(20b)

(21a)

(21b)

(21c)

(21d)

(21e)

(21f)

(21h)

(21i)



ITSuccMatch
e final el p-6

match(e) {rspre | (Pr = €r) | 7Spost} — [0](€r)

(211)

ITFailMatch
e final el p,
match(e) {rs | (p, = ey) | (" | 7s')} > match(e) {(rs | (pr =) [ )7 [ | rs'}
(21m)

Lemma 3.0.6. Ife final and e notintro then e indet.

Lemma 3.0.7. There doesn’t exist such an expression e such that both e val
and e indet.

Lemma 3.0.8. There doesn’t exist such an expression e such that both e val
and e notintro.

Lemma 3.0.9 (Finality). There doesn’t exist such an expression e such that
both e final and e — €’ for some €’

Lemma 3.0.10 (Matching Determinism). If e final and - ; A, F e : 7 and
AFp:7[] HIT then exactly one of the following holds

1. e> p-l0 for some 6
2.e?p
3. elp

Lemma 3.0.11 (Matching Coherence of Constraint). Suppose that -;A.Fe: T
and e final and A b p: 7[€]HIT. Then we have

l.eECifferp0
2.ekE2&iffelp
3. el;é% iffe Lp

4 Static Semantics

s= num | (1 = 1) | (71 X 7) | (11 4+ 7)
e = z|n

|  Az:7.e]ei(en)

| (e1,e2)

| inl,(e) | inr,(e) | match(e) {rs}
|

0 | (eb*

rs u= (rs|r|rs)

rs u= -|(r|rs)

r = p=e

p u= w[n|_|(p1,p2) | inl(p) [ inx(p) [ () | (p)¥

14



TVar
22
z:7;AFx:7 (220)
TEHole
22b
| VAN TS o ol (/A (22b)
THole
F:Austhke:7 (220)
DA usthk(e): 7 ¢
TNum
- 22d
'y AFn:num (224)
TLam
Tz:m;Ake:
X Ty €Ty ‘ (226)
T;AR Mz :me: (11 = 7))
TAp
I';Abke;:(mm—T) I';AFes:m (221)
F;Abei(er): T
TPair
I';sAbFer:mn I';AbFer:m
- : : (22g)
F,Al—(el,eg).(71><T2)
TFst
I';Abke: X To)
) € (Tl 7_2) (22h)
;AR fst(e) : 7
TSnd
I';Abe: (X1
e: (T X Ta) (22i)
I'; AF snd(e) : 7
TInl
I''Akle:n .
: . : (22j)
I';AFinl(e): (11 4+ 72)
TInr
I';Atbe:
. c: T (22Kk)
I'; Ak inr, (e): (11 + 72)
TMatchZPre
T;AFe:7  T;AF[Ur|rs:7le]l =7  TEhe (221)

I'; A+match(e) {-|r|rs}:7
TMatchNZPre
I';sAke:r
D5 AF [Lrspre : Tépre) = 7 T AF[LV Eprelr | TSpost : Trest] = 7
Ve'.e' € values[Al(e) = ¢’ F 1&pre T ED pre V Erest
I'; A+ match(e) {rspre | 7| rSpost} 1 7'

(22m)
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‘ Abp:7iE]dT ‘ p is assigned type 7 and emits constraint £

PTVar
23
cFxaor[T)Hla: T (232)
PTWild
_ 23b
B [T A (23D)
PTEHole
23
weTkE ()Y T2 A (23¢)
PTHole
AbFp:7[E]HT (234)
Aw T = (p)¥ 2 AT
PTNum
T — 23
-k n:numn] - (23¢)
PTInl
AbFp:7n[gHT (236)
AF inl(p) : (11 + 72)[inl(E)] HIT
PTInr
AbFp: 4T (23¢)
AFinr(p) : (11 + 72)[inr(§)]HIT 8
PTPair
Al }_ pP1:T1 [51] 4| Fl AQ " P2 Tg[fﬂ 4| F2 (23}1)
AW Ag = (p1,p2) (11 X 12)[(€1,62)] AT Wy
- ] 7 r transforms a final expression of type 7
‘F AR p=e)iTll] =T to a final expression of type 7’
CTRule
A, Fp:TiE] T, Fwl,; AWA, Fe: 7 (24a)
a

M;AFp=e:Tlé]=1

rs transforms a final expression of type 7

. . /
‘F P AF prelrs « TlEre] = 7 to a final expression of type 7’
CTOneRules

T;AFr:7l6] =1 & B &pre
r 5 AF [fpre](r | ) : T[gr} = T/

(25a)

CTRules
r; Abr: T[&r] =17 r; AF [gpre \ 57"]745 : T[grs] =7’ fr l?é fpre

L5 AR [Eprelr |18 T[6 V&) = 7’

(25b)
Lemma 4.0.1. If Abp:7[E]AIT then & : 7.

Lemma 4.0.2. If -;Abr:m[&] =7 then & : 7.

16



Lemma 4.0.3. If - ; A& [Eprelrs : T1[€rs] = T then &g 1 71

Lemma 4.0.4. IfT'; A bF [Erelrs : T[6rs] = 77 and T AR r 7€) = 7' and
& B Epre V &rs then I AE [Gpre](rs [ | )% i 7[&rs V& ] = 7

Lemma 4.0.5 (Substitution). If Tz : 7; Ak ey : 70 and T ;A F e: 7 and
e final thenT'; A& [e/z]eq : 1o

Lemma 4.0.6 (Simultaneous Substitution). IfTWIV;AFe: 7 and ;AR 6 : TV
then T ; Ak [0le: T

Lemma 4.0.7 (Substitution Typing). If e > p 10 and - ; A F e : 7 and
At p: 7] HIT and all expressions in 0 are final then - ; A, F60: T

Theorem 4.1 (Preservation). If -;AFe:7 and e e then-;AFe : 7

Theorem 4.2 (Determinism). If - ; Ak e : 7 then exactly one of the following
holds

1. e val
2. e indet

3. e € for some unique €

5 Decidability

T =¢
T(T) =T (26a)
( )=T (26D)
T(n) =n (26¢)
T(6VE) =T( fl)VT(& (26d)
T(in1(€)) = inl(T(€)) (26e)
T(inr(¢)) = in ( f)) (26f)
T((61,&)) = (T( §2)) (26g)
1Le=c¢

17



= incon

i(T)

T
(7J-

J—(&) 1(&)
n1(1(¢))
in ( ()

(L&), L&)

1n1(§)
Linr(e)
1((&1,8))

)
(n)
L& ve)
)
)
)

A finite set of constraints, =, is inconsistent

CINCTruth
= incon

=, T incon
CINCFalsity
=, 1 incon
CINCNum
ny # na
E,n1,n2 incon

CINCNotNum

=,n, % incon
CINCAnd

Ea 61) 52 incon
2,&1 A& incon

CINCOr
=,&1 incon =,& incon

=,V & incon

CINClInj

=,inl(&;), inr(&2) incon

CINCPairL

CINClInl
€1, ,&p incon
inl(&y),- - ,inl(&,) incon
CINClInr
&, ,&, incon
inr(&),- -+ ,inr(¢,) incon
€11, ,&n1 incon

(€11, &12), (§21,622)5 -+, (€n1, &n2) incon

18

(28b)

(28¢)

(28d)

(28e)

(28h)

(28i)



CINCPairR
§12,+ -+ ,&p2 incon

(€11,612), (€21,822), -, (€n1, €n2) incon
Lemma 5.0.1 (Decidability of Inconsistency). It is decidable whether £ incon.

(28K)

Lemma 5.0.2 (Inconsistency and Entailment of Constraint). ¢ incon iff T = ¢
Theorem 5.1 (Decidability of Exhaustiveness). It is decidable whether T I:I €.

Theorem 5.2 (Decidability of Redundancy). It is decidable whether & = &s.
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6 Labeled Sums

Here, we conservatively extend Peanut with finite labeled sums, which is a
practical necessity in general-purpose functional languages.
The first step is to generalize the syntax of binary sums to more than two

variants:
Tou= +{Ci(7i)}ciec
e == ... |inj%(e)
p == ... |injs(p)
¢ = Cl([(c)"

Labeled sums introduce a new sort C for labels, a.k.a. datatype constructors,
and a new type-level connective Cy (1) +- - -+ Cp(7,,) for gathering and labeling
types. Since we are not usually concerned with the length of any particular sum,
we adopt a slightly more general and compact notation +{Ci(7'i)}ci ¢ for the
sum consisting of labels C = {C;},<,, with respective argument types {7;};<n.
The introduction form is the labeled injection expression injf(e) for injecting
expression e into sum 7 at label C. The elimination form is the labeled injection
pattern inj7(p) for expressions matching pattern p that have been injected into
sum 7 at label C.

To ensure maximal liveness, we distinguish concrete labels C from label holes
which are either empty ()* or not empty (C)“. Empty holes arise where labels
have yet to be constructed, for example during incremental construction of a
sum or injection. Non-empty holes operate as membranes around labels that are
syntactically malformed or that violate a semantic constraint. Non-empty holes
around syntactically valid labels indicate duplication for sum type declarations
and non-membership for injections.

Moving on to the dynamic semantics, Figure [I] and [2] extend Peanut’s dy-
namic semantics to support evaluation of labeled injections. The rules in
define pattern matching on injections with label holes, subject to the
matching determinism conditions imposed by Rule is
a straightforward rule for matching labeled injections. Rules and
allow indeterminate matching against a pattern whose label or ar-
gument indeterminately match, respectively. Rule forbids matching of
concrete but unequal labels, and Rules [NMInjTag] and [NMInjArg] forbid match-
ing when the arguments do not match. Rules [TMMSyml|, [TMMHole, and [TM-]
define indeterminate matching of labels by establishing a partial equiv-
alence among distinct labels when at least one of them is a hole.
defines stepping of injection expressions, subject to the determinism conditions
imposed by Lemma [3.0.7] [3.0.8 and These rules are direct adaptations of
the corresponding rules E @ and for binary injections.

Moving on to the static semantics, we first extend the typing relations as
shown in by generalizing the rules for binary injections from Rules 22]
23] 24 and 5] The rules shown in are essentially the same as their
binary counterparts, differing in that instead of assuming all sums contain pre-
cisely two fixed labels, we must check whether label C; with argument type 7;
belongs to the annotated sum type 7.
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er>p-lo elp e does not match p

e matches p, emitting 6

C#C
- - NMInj
e>plo . injg(e) L inje (p)
nin(e) > inja(p) 0 ™
injzn (e
Je Jelp crC  elp
e — NMInjTag
e?p injo(e) Linje(p)
e indeterminately matches p elp
7 — NMInjArg
0701 @/{p anC(e)J-anC(p)
— MMInjTag
injZ(e) ? inj o (p)
c’p MMInjA
T - njArg
injg(e) 7 injo(p)
crcC C indeterminately matches C’
¢ 0 #C ctC
—— TMMSym -~ TMMHole =~ TMMEHole
crc h?c e rc

Figure 1: Pattern matching rules for labeled sums

Next, we extend the syntax of constraints to labeled sums:

¢ u= . [njE(©)

extends Peanut’s constraint checking semantics to support matching
on injections into labeled sums. A constraint of the form injZ (§) represents
injections into sum 7 with label C' with arguments constrained by ¢. Rule[CTIn]|
decides which sum type is constrained by an injection constraint. Rules
[CMSInjTagl, and [CMSInjArg] specify whether and to what extent injections
satisfy injection constraints, subject to the coherence conditions imposed by
[Theorem 1.1]and [Lemma 3.0.11] That is, an injection satisfies a constraint only
when their labels are equal and the argument expression satisfies the argument
constraint.

Finally, we extend the inconsistency relations as shown in Figure [5] and [6]
Rule establishes that constraints for nontrivial sums are refutable,
i.e., that the set of dual constraints is not empty. The dual of a constraint with
a concrete label consists of injections of the same label with dual arguments as
well as injections of other labels into the sum. A constraint with a label hole is
dual to all injections into the sum with concrete labels. The premises of Rule
merely express the fact that there are no alternatives injections into
singleton sums, and none at all into void sums. Rule establishes that
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ers e e takes a step to e’ e indet

e is indeterminate

ereé — e indet _—
n e — n
inj%(e) — injZ(€’) ! injg(e) indet !
e val e is a value C#C  efinal ,
— - IEInjHole
injg(e) indet
e val
VInj

injg(e) val

Figure 2: Evaluation rules for labeled injections

I';Ate:r

e is of type 7

7=HCi(m)lgee Ci€eC

I'sAke:T;

F;Al—injej(e):T

AbFp:7E AT

T:+{Ci(’7'i)}ciec Cj eC A"p’l’j[f]ﬂl—\

TInj

p is assigned type 7 and emits constraint &

AR injg, (p): T[injcj ©)Hr

PTInj

Figure 3: Typing rules for labeled sums and injections

it is possible to satisfy a labeled injection constraint whenever it is possible to

satisfy its argument constraint. Rule detects inconsistent labels.
Since label holes may match any other label, it suffices to consider only concrete

labels. Rule detects inconsistent argument constraints, regardless
of label status. Both rules are necessary to ensure the absence of inconsistent

injection constraints.
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E:T

& constrains final expressions of type 7

7=HCi(T)} e, ec
cjec £y

—— CTInj
injc, (§) : H{Ci(mi)}c,ec
e=¢&| e satisfies €
c=c
il CSlInj

injg(e) = inje (€)

e =2 €| e may satisfy ¢

£l =&| dualofé is &

injg(§) =injg@Vv | V inig(T)

C;eC\{C}
injf. () = \/ injg, (T)
Cc,ec
injigu(§) = \/ injg (T)
Cc,ec

(where T= +{C'i(7'i)}ciec>

crc’ 1 c=cC
— ¢ ’__T? § CMSInjTag — ° !f? 3 CMSInjArg
injg(e) Er injei(€) injg(e) 2 injoo (§)

Figure 4: Constraint satisfaction rules for labeled sums

p refutables p is refutable

cec IC] =1 p refutables
inj(p) refutable;

RInjSing

cec IC] > 1
inj~(p) refutabler

RInjMult

Figure 5: Refutability rules for labeled injections
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T(&) =& = incon

T(injg(8)) = injg(T(€) ,Q #C CINCInfTag
g, injo (&"),inj&(€) incon
j_ =
(£1> . {5/‘11::]6/ (5-;) = E}’g incon CINCInjArg
L(in3z(9) = 1njz(L(€) =, 1nj¢(€) incon

Figure 6: Inconsistency rules for labeled injections
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